1. Introduction. We use class field theory to construct the real dihedral fields. This construction is reduced to that of primitive characters on the ring class groups of real quadratic fields which are then used to compute the relative class numbers of dihedral CM-fields of degree 4p, p any odd prime.
We first fix some notation. Let K be a normal real number field (considered as a subfield of the field of complex numbers) of degree 2n with Galois group D 2n = a, b : a
, the dihedral group of order 2n. Let L denote the real quadratic subfield of K fixed by the cyclic subgroup of order n generated by a, and let E denote any one of the n non-normal subfields of degree n of K fixed by the n non-normal subgroups of order two {1, a
and χ L denote the ring of algebraic integers, the discriminant, the fundamental unit and the primitive quadratic character modulo d L associated with L, respectively. In order to use continued fraction expansions to compute ε L , we specify a generator of A L : let g L denote the unique rational integer with the same parity as 
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P r o o f. For any prime ideal Q F of a normal field F which is unramified in F/Q we let [F/Q, Q F ] denote the Frobenius automorphism of Q F (see [Jan] ). Assume that K is dihedral and let q be a rational prime not in
Conversely, the trickiest step for proving the last assertion is to prove that for any σ ∈ Gal(H L (F)/Q) such that the restriction σ /L is not trivial we have σ 2 = 1 (the remainder of the proof being similar to that of [Cox, Lemma 9.3] 
To prove this assertion we use the Chebotarev Density Theorem (see [Jan, Theorem 10.4 
]) according to which
which is called the modular character associated with χ. Notice that this modular character must be trivial on ε L and on the image of 
) and φ(α) = φ(1 + q f a) = +1 for φ is trivial on Im Z. Hence, according to Lemma 3, F K/L is invariant under the action of Gal(L/Q) and the exponents in the prime ideal factorization of F K/L of the prime ideals Q of L which are ramified in L/Q are even.
Conductors of real dihedral fields of degree 2p
s Lemma 5. Let p be an odd prime. Let q be a prime. Set
and notice that the order of the group G q e is q 
e is cyclic and 
which is trivial on the image of Z if and only if
, s = 1, and e = 1 or e = 2.
We let also ν P and ν p denote the P-adic and p-adic valuations on A L and Z, respectively. (ii) If e ≥ s + 2 then for any α = 1 + p
) and φ(α) = +1. Therefore, φ is not primitive. Indeed, for k ≥ 2 and p ≥ 3 we have k ≥ 2 + ν p (k), and we obtain 
) and for such an a s the element 1 + a s √ d L has order three in G 3 e and does not lie in the cyclic subgroup generated by 1 + 3 √ d L . Hence, we get the desired result.
According to the proof of the previous point, if p ≥ 5, or if p = 3 and d L ≡ 3 (mod 9) then this kernel is the cyclic subgroup of order p generated
p e−1 = 1 and s ≥ e, which according to (ii) yields e = s. If p = 3, d L ≡ 6 (mod 9) and s ≥ 2 then according to (ii) and (iii) we have s + 1 ≥ e ≥ s ≥ 2 and e − 1 ≥ s, and get e = s + 1. The proof of the last point is easy.
Theorem 6 (see also [Has] , [Mar] , [Por] 
Conversely, let f > 1 be a given positive rational integer. Set [Cox] ). P r o o f. For the first part, use Lemma 3, Theorem 4 and Lemma 5. Let us now prove the second part. The canonical map i : which are trivial on the image of Z, and we may assume 1 ≤ e ≤ 2 and e = 1 if q = p (see Theorem 6). Since in Section 6 we will use such characters to perform practical computations of the relative class numbers of dihedral CM-fields of degree 4p, we want to present fully explicit constructions. 
is a positive integer and if there exists a real dihedral field
P r o o f. Let us, for example, prove (i). Let χ = ψψ be the factorization of χ, where ψ and ψ are characters modulo Q and Q , respectively. Let λ ∈ A L satisfy λ ≡ 1 (mod Q) and λ ≡ 0 (mod Q ), which implies ψ(α) = χ(λα + λ ), and λ ≡ 0 (mod Q) and λ ≡ 1 (mod Q ), which implies ψ (α) = χ(λ + λ α) = χ((λα + λ ) ). Since χ is trivial on Im Z, we have χ((λα + λ ) ) = χ(λα + λ ) = ψ(α ) and χ(α) = ψ(α)ψ (α) = ψ(α)ψ(α ), as desired.
In these five cases, we are reduced to the construction of all the characters of order p on some abelian groups whose p-Sylow subgroups are cyclic. So, let G be a multiplicative abelian group of order n and assume that p divides n and the p-Sylow subgroup of G is cyclic. Then {χ we use the binary expansion of exponent e = n/p which can be quite large. This enables us to determine efficiently some α G such that α n/p G = 1, to compute fast β G and store in some table of size p all the β k G , 0 ≤ k < p. For any given α ∈ G, we then compute efficiently α n/p and look up in our previously computed table to which β k G it is equal, which yields χ G (α) = ζ k p . Now, in the five cases listed in Proposition 7, we explain in detail how we use these χ G to specify characters φ (q i ) of order p on (A L /(q i )) * trivial on Im Z such that, in the simpler case where f is not an exceptional character,
is the set of all the primitive modular characters of order p on (A L /(f )) * which are trivial on Im Z when f = r i=1 q i is as in Theorem 6. Here with each n ∈ {0, . . .
, a i (n) ∈ {0, 1, . . . , p − 2}. In particular, for any given finite set E (containing ε L ), it is easy to compute numerically the number n p,L,f,E of primitive modular characters which are trivial on the image of Z and on some finite set E (see Proposition 8 for an application).
Since G is canonically isomorphic to (Z/qZ) * , we may view χ G as a character of order p on the cyclic group (Z/qZ) * of order q − 1, and if α = (
Therefore, φ is a power of the character
In that case, we determine
, we precompute a table defined by Table( /Im Z has order q + 1, we may assume that α G = x G + ω L and we determine the least
≡ a (mod (q)) for any rational integer a (i.e. such that Y G ≡ 0 (mod q)), and we get that φ is a power of the character α → φ (q) 
, we may view χ G as a character of order p on the cyclic group (Z/p
), we infer that φ is a power of the character
, we precompute a table defined by Table( 
. That is, φ is a power of the character
Notice that in cases (iv) and (v) we do not precompute any table. Notice also that (
Primitive characters on ring class groups.
Since in Section 6 we will use such characters to perform practical computations of the relative class numbers of dihedral CM-fields of degree 4p, here again we shall be dwelling upon a completely explicit construction of all the primitive char-
integral ideals of A L of norms relatively prime to f , whose ideal classes have order p e i , respectively, and such that the subgroup of Cl L generated by the r L (p) ideal classes of these J i is equal to Cl (p) L (here, C n denotes the cyclic group of order n > 1). We let α i ∈ A L be such that
From a practical point of view, and since as explained in the introduction we will first fix L and p and then determine all the real dihedral fields K containing L such that f K/L is less than or equal to some prescribed upper bound, we compute r L (p) generators of the p-Sylow subgroup Cl
L which are ideal classes of prime ideals J i above rational primes l i which split in L and satisfy l i ≡ 1 (mod p). In that case, the norms l i of these generators are relatively prime to any possible f K/L (see Theorem 6). Now, for any integral ideal I of A L of norm relatively prime to f there exists only one
is principal. Finally, let h ≥ 1 satisfy hh ≡ 1 (mod p). Let now χ be a primitive character of order p on Cl L,Z (f ) and α → χ 0 (α) = χ((α)) be its associated primitive modular character of order p on
is a pth complex root of unity and where ( 
6. Actual computations. Let p ≥ 3 be a given odd prime and let L be a given real quadratic field. For a given f ≥ 1 as in Theorem 6, we explain how we construct all the real dihedral fields K of degree 2p which contain L and for which f K/L = f . Second, in order to use (1), (2), (3) or Proposition 8, we must be able to compute an explicit generator of a given principal ideal, and we explained how to do it in [Lou] .
Third, let us give one example. Choose p = 3 and L = Q( √ 229) for which 118, 194, 197, 207, 226, 251, 281, 302, . . . Moreover, f = 23246, 24426, 29618, . . .
Finally, we explain how to use the technique developed above to compute the relative class number h − N of any dihedral CM-field N of degree 4p. We let M denote the imaginary biquadratic bicyclic subfield of N , let L 0 and L 1 denote the two imaginary quadratic subfields of M and keep the notation as above: L is the real quadratic subfield of M , and the maximal totally real subfield K = N + of N is a real dihedral field of degree 2p cyclic over L. We let ∞ 1 and ∞ 2 denote the infinite places of L.
Proposition 10 (see [LOO] , [LP] 
where χ N/L denotes any of the p − 1 Hecke characters of degree one and order 2p associated with the cyclic extension N/L of degree 2p.
We explained in [Lou] how to compute numerical approximations as good as desired of L(1, χ) for Hecke L-functions L(s, χ) = n≥1 a n (χ)n −s associated with primitive Hecke characters χ on ray class groups of real quadratic number fields L: letting W χ denote the Artin root number which appears in the functional equation of this L-function we have the following absolutely convergent series expansion:
where B → K 1 (B) and B → K 2 (B) are defined for B > 0 and satisfy
. Moreover, if we let S M,χ denote the value obtained by disregarding the indices n > M in (5), then
Hence, (4)-(6) enable us to compute the relative class numbers of dihedral CM-fields of degree 4p. Indeed, the Artin root numbers W χ of dihedral CMfields N of degree 4p are equal to +1 (see [FQ] ) and we explained in [Lou] how to compute the coefficients a n (χ).
In [Lef] , [LL] and [Lou] we gave examples of relative class number computations for dihedral CM-fields N of degree 4p. Here, we give more tricky examples for which we have had to use all the machinery developed in this paper. which the 3-rank r 3 (L) of its ideal class group is ≥ 2. We have d L = 32009, h L = 9 and r L (3) = 2. Therefore, N d(3, L, 1) = 4 and we let K denote any one of the four real sextic dihedral fields containing L for which f K/L = 1, and set N = KM , a dihedral CM-field of degree 12. In Table 2 we give the values of h − N/M for these four N 's. Now, f = 211 is the least positive integer for which N (3, L, f ) > 0 and since f = 211 is prime we have N (3, L, 211) = 1, and N d(3, L, 211) = 9, and we let K denote any one of the nine real sextic dihedral fields containing L for which f K/L = 211, and set N = KM , a dihedral CM-field of degree 12. In Table 3 we give the values of h − N/M for these nine N 's.
3. Choose M = Q( √ −3, √ −35) and L = Q( √ 105). Let K 9 be the only real dihedral field of degree 18, cyclic of degree 9 over L for which f K 9 /L = 27. Let K 3 /L be the cyclic cubic subextension of K 9 /L and notice that K 3 is a real dihedral field of degree 6 such that f K 3 /L = 9. Set N 12 = K 3 M and N 36 = K 9 M . Then N 12 and N 36 are dihedral CMfields of degree 12 and 36 and relative class numbers 1 and 327
2
, respectively. 
